We investigate a duality relation between floating and illumination bodies. The definitions of these two bodies suggest that the polar of the floating body should be similar to the illumination body of the polar. Such a relation has already been established for centrally symmetric convex bodies that are sufficiently smooth. We now establish it for the class of centrally symmetric convex polytopes. This leads to a new affine invariant which is related to the cone measure of the polytope.
Introduction
Floating bodies and illumination bodies are attracting considerable interest as their important properties make them effective and powerful tools. Therefore they, and the related affine surface areas, are omnipresent in geometry, e.g., [15, 16, 22, 23, 25, 17, 27, 40, 50] and find applications in many other areas such as information theory, e.g., [2, 30, 51] , the study of polytopes and approximation by polytopes [3, 8, 9, 14, 19, 33, 34, 36, 37, 39] and partial differential equations (e.g., [24, 46] and the solutions for the affine Bernstein and Plateau problems by Trudinger and Wang [43, 44, 45] ).
Very recent developments are the introduction of the floating body in spherical space [6] and in hyperbolic space [7] . This has already given rise to applications in approximation of spherical and hyperbolic convex bodies by polytopes [5] .
A notion of floating body appeared already in the work of C. Dupin [12] in 1822. In 1990 a new definition was given by Schütt and Werner [38] and independently by Bárány and Larman [4] . They introduced the convex floating body as the intersection of all half-spaces whose hyperplanes cut off a set of fixed volume of a convex body (a compact convex set). In contrast to the original definition, the convex floating body is always convex and coincides with Dupin's floating body if it exists.
The illumination body was only introduced much later in [47] as the set of those points whose convex hull with a given convex body have fixed volume.
The definitions of the floating body and the illumination body suggest a possible duality relation, namely that the polar of a floating body of a convex body K is "close" to an illumination body of the polar of K. In fact, for the Euclidean unit ball B n 2 , equality can always be achieved. Note however that equality cannot be achieved in general since it was shown in [38] that floating bodies are always strictly convex, but the illumination body of a polytope is always a polytope.
The duality relation between floating body and illumination body was made precise in [28] when the convex body K has sufficiently smooth boundary and, in particular, when the convex body K is an n p -ball, 2 ≤ p < ∞.
Floating bodies and illumination bodies allow to establish the long sought extensions of an important affine invariant, the affine surface area, to general convex bodies in all dimensions. This was carried out in [38] , respectively [47] . In both instances, affine surface area appears as a limit of the volume difference of the convex body and its floating body, respectively illumination body. Other extensions -all coincide -were given by Lutwak [25] and Leichtweiss [20] .
A different limit procedure was carried out in [28] . This leads to a new affine invariant that is different from the affine surface area. It is related to the cone measure of the convex body. These measures play a central role in many aspects of convex geometry, e.g., [10, 11, 29, 30] .
Here, we make the duality relation between floating body and illumination body precise when the convex body is a polytope P . We also consider the above mentioned limit procedure in the case of polytopes. We recall that it was shown by Schütt [36] that the limit of the volume difference of a polytope P and its floating body leads to a quantity related to the combinatorial structure of the polytope, namely the flags of P (see below). Likewise, as shown in [48] , the limit of the volume difference of a simplex and its illumination body is related to the combinatorics of the boundary. Now, as in the smooth case [28] , the new limit procedure leads to an affine invariant that is not related to the combinatorial structure of the boundary of the polytope, but, as in the smooth case, to cone measures.
The paper is organized as follows. In the next section we present the main theorem and some consequences. In Section 3 we give the necessary background material and several lemmas needed for the proof of the main theorem. Section 4 provides the proofs of the theorem and the corollary. In a final section we discuss properties of the new affine invariant. We show, with an example, that it is not continuous with respect to the Hausdorff distance. We also show that for this invariant the combinatorial structure of the polytope is less relevant. The relation to the cone measures is the dominant feature.
Main theorem and consequences
Let K be a n-dimensional convex body and δ ≥ 0. The convex floating body K δ of K was introduced in [38] and in Bárány and Larman [4] as the intersection of all half spaces whose defining hyperplanes cut off a set of volume δ|K| n from K,
where H is a hyperplane and H + , H − are the corresponding closed half-spaces. The illumination body K δ of K was introduced in [47] as follows
where for sets A and B in R n , respectively a vector x ∈ R n , conv[A, B], respectively, conv[A, x], denotes the corresponding convex hulls. The illumination body is always convex. This can easily be seen from the fact that
where ·, · is the standard inner product on R n , µ is the surface measure on ∂K, the boundary of K, and N (y) the almost everywhere uniquely determined outer normal at y ∈ ∂K.
For a convex body K with 0 in its interior, let
be the polar body of K. The definitions of floating body and illumination body suggest a duality relation, namely that for suitable δ and δ the polar body of a floating body of a convex body K is "close" to an illumination body of the polar body of K,
For x ∈ R n \{0} and K a convex body with 0 ∈ K we denote by r K (x) = sup{λ ≥ 0 : λx ∈ K} the radial function of K. To measure how close two centrally symmetric convex bodies S 1 , S 2 are, we use the distance
Note that log d(·, ·) is a metric which induces the same topology as the Hausdorff distance.
For a centrally symmetric convex body S and 0 < δ < 1 2 , we put
. We then define
One of the main theorems in [28] states that for origin symmetric convex bodies C in R n that are C 2 + , i.e. the Gauss curvature κ(x) exists for every x ∈ ∂C and is strictly positive, the relation (2.4) can be made precise in terms of the cone measures of C and C
• . For a Borel set A ∈ ∂C, the cone measure M C of A is defined as M C (A) = |conv[0, A]| n . The density function of M C is m C (x) = 1 n x, N (x) and we write n C (x) = 1 n|C|n x, N (x) for the density of the normalized cone measure P C of C. This means that (see, e.g., [30] )
is the density function of the "cone measure"
x,N (x) n is the density of the normalized cone measure
As observed in [28] , we then have for a centrally symmetric
Here, we consider the relation (2.4) for polytopes P . As in the smooth case, expressions involving cone measures determine this relation.
In the case of a polytope the (discrete) densities n P and n P • of the normalized cone measures can be expressed as follows. Let ξ be an extreme point of P . Let F ξ be the facet of P
• that has ξ as an outer normal. Then the following is the (discrete) density of the normalized cone measure of P
Let s(F ξ ) be the (n − 1)-dimensional Santaló point (see, e.g., [13, 35] ) of F ξ and (F ξ − s(F ξ ))
• be the polar of (F ξ − s(F ξ ))
• with respect to the (n − 1)-dimensional subspace in which F ξ − s(F ξ ) lies. We put
Let C ξ be the cone with base F ξ and let C * ξ be the cone dual to C ξ . Then |(F ξ − s(F ξ ))
• | n−1 is the (n − 1)-dimensional volume of the base of the cone C * ξ at distance ξ from the origin and thus
• | n−1 is the n-dimensional volume of the finite portion of the of C * ξ at distance ξ from the origin. The expression n P (ξ) is the ratio of this volume and the volume of P .
Our main theorem can be expressed in terms of n P (ξ) and n P • (ξ) and reads as follows.
Theorem 2.1 Let P ⊆ R n be a centrally symmetric polytope. Then
.
The subsequent corollary about the cube B n ∞ = {x ∈ R n : max 1≤i≤n |x i | ≤ 1} and the crosspolytope B
, is an immediate consequence of the theorem.
Tools and Lemmas
Let P ⊆ R n be a centrally symmetric polytope. In [26] it was shown that in the case of centrally symmetric convex bodies the floating surface is always convex, i.e. Dupin's floating body exists and coincides with the convex floating body. This means that every support hyperplane of P δ cuts off the volume δ|P | n from P . We use this fact in the following without further saying. We denote by ext(P ) the set of extreme points of P . Note that this set coincides with the set of vertices of P . For ξ ∈ ext(P ), let F 1 , . . . , F k be the (n − 1)-dimensional facets of P such that ξ ∈ F i . Then there are y 1 , . . . , y k ∈ R n such that for 1 ≤ i ≤ k,
Observe that y 1 , . . . , y k are vertices of P • and that
• with respect to the (n − 1)-dimensional subspace in which F ξ − s(F ξ ) lies (see (2.7) and (2.8)). For δ > 0, let P δ be the floating body of P . Let ξ ∈ ext(P ). We denote by ξ δ the unique point in the intersection of ∂P δ with the line segment [0, ξ] and by x δ the unique point in the intersection of
We denote by ξ δ the unique point such that ξ is the unique point in the intersection of
The next lemma provides a formula for
Lemma 3.1 Let P ⊆ R n be a centrally symmetric polytope. Then there is δ 0 > 0 such that for every 0 ≤ δ ≤ δ 0 and every vertex ξ ∈ ∂P we have
is an (n − 1)-dimensional convex body with centroid at the origin. For self similarity reasons the origin of
is on the line through the origin and ξ for every α ∈ R, α < ξ, u . For v ∈ R n \{0} we denote by v ⊥ = {w ∈ R n : v, w = 0} the orthogonal complement of v. We assume first that ξ = e n is a vertex with outer normal e n and such that e n + e ⊥ n only touches P at e n . We show that u = s(Fe n ) s(Fe n ) . To this end it suffices to prove that the centroid of
lies at the origin. Put F = {ȳ ∈ R n−1 : (ȳ, 1) ∈ F en } ⊆ R n−1 and B = F • , where the polar is taken in
We obtain
The map
((x, x n )) =x is an algebraic isomorphism of vector spaces and we conclude that the centroid of B lies at the origin if and only if the centroid of P e ⊥ n (B ) lies at the origin. It is a well-known fact that
The volume of the cone with base B and apex e n is given by
Let 0 ≤ ∆ ≤ 1. Then the volume of the cone with base
and apex e n is therefore given by
There is ∆ 0 > 0 such that for every 0 ≤ ∆ ≤ ∆ 0 the point e n is the only vertex of P contained in the half-space {x ∈ R n : x, u ≥ e n , u (1 − ∆)} . Hence, the above described cone is given by
Let δ > 0 and choose ∆ such that
or, equivalently,
. Choose δ 0 > 0 sufficiently small such that for every 0 ≤ δ ≤ δ 0 the value of ∆ is smaller than or equal to ∆ 0 . It was shown in [26] that for centrally symmetric convex bodies, the floating body coincides with the convex floating body. Thus, since P is centrally symmetric, the floating body of P coincides with the convex floating body, and therefore the hyperplane {x ∈ R n : x, u ≥ e n , u (1 − ∆)} touches P δ at the centroid of
This centroid is given by
For a general vertex ξ with outer unit normal ν ∈ S n−1 such that ξ + ν ⊥ touches P only at ξ, there is a linear map L :
The second equality follows from the fact that for every (n − 1)-dimensional vector space V with normal u, every linear invertible map S : R n → R n and every Borel set A ⊆ V , we have |S(A)| n−1 = | det(S)| · S tr−1 (u) · |A| n−1 . Hence, the expression
is invariant under linear transformations and since
, this finishes the proof for general ξ.
For a vertex ξ ∈ P we denote by ξ δ the unique point in the intersection of P δ and the line segment [0, ξ].
Lemma 3.2 Let P be a centrally symmetric polytope. Then there is a δ 0 > 0 such that for every 0 ≤ δ ≤ δ 0 and every extreme point ξ ∈ ext(P ) we have
Proof. We show that
is a support hyperplane of (P • ) δ . The lemma then follows immediately. Let z ∈ F ξ and ∆ ≥ 0. The volume of the cone with base F ξ and apex z + ∆ ξ ξ is 1 n |F ξ | n−1 ∆. There is a ∆ 0 > 0 and an η > 0 such that
has non-empty relative interior and such that for every z ∈ F η ξ and every 0 ≤ ∆ ≤ ∆ 0 we have
lies on the boundary of (P • ) δ . Since F ξ is contained in the hyperplane {y ∈ R n : y, ξ = 1}, it follows that
Lemma 3.3 Let P ⊆ R n be a centrally symmetric polytope. Then there is a δ 0 > 0 such that for every
Proof. The first inclusion is obvious. Choose δ 0 > 0 as in the lemma above.
The second inclusion will follow from the fact that (P • ) δ ⊇ C(δ), where
Let y 0 ∈ C(δ)\P • . It follows that there is a ξ ∈ ext(P ) with y 0 , ξ ≥ 1. Let ξ ∈ ext(P )\{ξ}. Since y 0 ,
Since y 0 ∈ y ∈ R n : y, ξ = 1 +
Corollary 3.4 Let P ⊆ R n be a centrally symmetric polytope. Then there is a δ 0 > 0 such that for
Proof. We only need to prove
Consider the set
This set is finite and since lim δ→0 ξ δ = ξ for every ξ ∈ ext(P ). It follows that there is a δ 0 > 0 such that for every 0 ≤ δ ≤ δ 0 the following holds
which yields the claim of the corollary.
Lemma 3.5 Let P ⊆ R n be a centrally symmetric polytope. Then there is a function t : [0,
where Λ = min ζ∈ext(P • )
|P |n ζ
Proof. Let δ > 0 be given. Let ζ ∈ ext(P • ). We choose ∆ = ∆(ζ, δ) such that
For δ > 0 and hence ∆ = ∆(ζ, δ) ≥ 0 sufficiently small, the volume of P ∩{x ∈ R n : x, ζ ζ ≥ 1 ζ −∆} is up to an error given by ∆|F ζ | n−1 , i.e. there is a function T ζ with lim ∆→0 T ζ (∆) = 0 such that
Hence, for every ζ ∈ ext(P • ), there is a function t ζ with lim δ→0 t ζ (δ) = 0 such that
Lemma 3.6 Let P ⊆ R n be a centrally symmetric polytope and x ∈ ∂P \ext(P ). Then there exists δ 0 > 0 and k > 0 such that for every 0 ≤ δ ≤ δ 0 we have
Proof. Since x is not an extreme point of P , there are points x 1 , x 2 ∈ ∂P with x 1 = x = x 2 and such that x = 1 2 (x 1 + x 2 ). By a linear transformation of P we may assume without loss of generality that x = e 2 , x 1 = e 2 − e 1 and x 2 = e 2 + e 1 . There is an 0 < ε < 1 such that [−ε, ε] × {0} × [−ε, ε] n−2 ⊆ P . It follows that the centrally symmetric convex body
is contained in P . Putδ = δ |P |n |S|n . We compute (e 2 )δ with respect to Sδ. Let 0 ≤ ∆ < 1. A simple computation shows that
The (n − 1)-dimensional centroid of the (n − 1)-dimensional set S ∩ {x ∈ R n : x 2 = 1 − ∆} lies on the line Re 2 . Since S is symmetric, the convex floating and the floating body of Dupin coincide [26] and it follows that for δ <
Since S ⊆ P , there exists δ 0 > 0 and k > 0 such that for every 0 ≤ δ ≤ δ 0 ,
where x δ is taken with respect to P δ .
Proof of Theorem 2.1 and Corollary 2.2
We recall the quantities that are relevant for our main theorem. For ξ ∈ ext(P ), we put
For c ≥ 0, we set G c (P ) = max
Then Theorem 2.1 reads.
We split the proof of the theorem and show separately the upper and lower bound.
Upper bound
We prove the following proposition.
Proposition 4.1 Let P ⊆ R n be a centrally symmetric polytope. Then
Proof. Let c 0 ≥ 0 be such that G(P ) = G c0 (P ) and put δ = c 0 δ 1/n . By Lemma 3.2, Lemma 3.4 and Lemma 3.5, a sufficient condition for P δ ⊆ a P δ is that
for every ξ ∈ ext(P ). Hence,
By Lemma 3.1, Lemma 3.2 and Corollary 3.4, a sufficient condition for P δ ⊆ aP δ is that
for every ξ ∈ ext(P ) and that
From the first condition we derive that
for every ξ ∈ ext(P ). By Lemma 3.6 there is a constant k > 0 and δ 0 > 0 such that for every 0 ≤ δ ≤ δ 0 we have
and we may assume that k and δ 0 are taken uniformly with respect to all pairs (ξ, ξ ). Hence, for δ ≤ δ 0 we have the condition that
We check that all three conditions are met if one takes a = 1 + G(P ) δ 1 n (1 + o(1) ). The condition
is true since
Finally, the condition
Lower Bound
Proposition 4.2 Let P ⊆ R n be a centrally symmetric polytope. Then
Proof. Let c 0 ≥ 0 such that G(P ) = G c0 (P ) and let ξ 1 , ξ 2 ∈ ext(P ) be such that
We obtain that c 0 β ξ1 = α ξ2 − c o β ξ2 and therefore that c 0 =
. A necessary condition for P δ ⊆ aP δ is that ξ 2 δ ≤ a (ξ 2 ) δ , or, equivalently, also using Lemmas 3.1 and 3.2,
By Lemma 3.4, there is δ 0 such that for every 0 ≤ δ ≤ δ 0 we have
If δ 0 > 0 is chosen sufficiently small, ξ 1 δ is an extreme point of P (δ ). Then there exists ε > 0 and a hyperplane H y = {x ∈ R n : x, y = 1} such that ξ 1 δ , y > 1 + ε and such that all other extreme points of P (δ ) lie in {x ∈ R n : x, y ≤ 1} for every 0 ≤ δ ≤ δ 0 . Hence,
We determine t. By Lemma 3.2 and as ξ and ξ 1 δ , we know that
This means that t and µ satisfy the equation
Since ξ and z are linearly independent, t and µ satisfy the system of linear equations
It follows that t = (1 + λβ ξ1 δ ) −1 . Since v is not an extreme point of P , it follows from Lemma 3.6 that there is a k v ≥ 0 such that
By this and (4.4), a necessary condition for a P δ ⊇ P δ is that a(1 + λβ ξ1 δ )
The assumption δ ≤ α ξ 2 λβ ξ 1 +β ξ 2 δ 1/n together with the necessary condition a
Letting λ → 1, we get the desired result.
Proof of Corollary 2.2
We first treat the case of the cube.
Proof. By symmetry, α ξ and β ξ have the same value for all the extreme points of
It is well known that the volume product
Therefore,
The minimum over all c ≥ 0 of max
which completes the proof. Now we show the statement of Corollary 2.2 in the case of the crosspolytope.
Proof. As in the previous example, all α ξ and all β ξ are equal and G(B
The combinatorial structure of d P In [36] , it was proved that the following relation holds for all polytopes P ⊆ R n ,
where fl n (P ) denotes the number of flags of P . A flag of P is an (n + 1)-tuple (f 0 , . . . , f n ) such that f i is an i-dimensional face of P and
This theorem suggests that also d p , and hence G(P ), might only depend on the combinatorial structure of P . The fact that d p is invariant under affine transformations of P supports this conjecture. However, this is not the case, as is illustrated by the following 2-dimensional example.
For ε ∈ (0, 1), we consider the hexagon P = conv ±e 2 , ± 1 − ε 2 e 1 ± εe 2 .
We show that d P changes for different values of ε. We compute the 2-dimensional volume of P . The hexagon is, up to a nullset, the disjoint union of the two congruent trapezoids
and
The trapezoid T 1 has the two parallel sides S 1 = conv[−e 2 , e 2 ] and S 2 = conv[ √ 1 − ε 2 e 1 −εe 2 , √ 1 − ε 2 e 1 + εe 2 ] and the height of T 1 with respect to S 1 , S 2 is given by √ 1 − ε 2 . Hence,
and we conclude that |P | 2 = 2 · |T 1 | 2 = 2(1 + ε) · √ 1 − ε 2 .
We compute the vertices of the polar of P . One vertex is given as the solution of the equations y 2 = 1 and 1 − ε 2 y 1 + εy 2 = 1 , which yields (y 1 , y 2 ) = 1−ε √ 1−ε 2 , 1 . Another vertex is given as the solution of the equations 1 − ε 2 y 1 + εy 2 = 1 and 1 − ε 2 y 1 + εy 2 = 1 , which yields (y 1 , y 2 ) = 1 √ 1−ε 2 , 0 . By symmetry, the six vertices of P
• are given by
Since P • is the union of two trapezoids, computations similar to the case of P yield that the 2-dimensional volume of P
• is given by
If ξ = ±e 2 , we get that |F ξ | 1 = 2 · If ξ = ± √ 1 − ε 2 e 1 ± εe 2 then
Hence, We compute G(P ). If 0 < ε < 
It follows that
This means that, if ε > 0 is sufficiently small, G(P ) and hence d p , changes for different values of ε. Moreover, this example shows that the affine invariant G(P ) is not continuous with respect to the Hausdorff distance, since P converges to B 
